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In the ﬁrst part (Saeedi et al., 2011) of this two-part paper, a layerwise stress model, called the LS1model,
has been extended to the analysis of delaminated multilayered plates subjected to uniaxial extension.
The LS1 analytical solutions of general delaminated multilayered plates have been derived and compared
to three-dimensional ﬁnite element method (3D-FEM) solutions. It has been proved that there is a good
agreement between the LS1 and 3D-FEMmodels except very near singularities (free edges, crack tips, . . .).
In order to overcome the drawback of the LS1 model in the vicinity of singularities, a reﬁnement
approach, called the reﬁned LS1 is proposed in this part. Based on an irregular layerwise mesh, the reﬁned
LS1 model is applied to the prediction of the delamination onset in angle-ply composite laminates. The
comparison between the reﬁned LS1 and 3D-FE models reveals an excellent agreement in terms of inter-
laminar stresses and strain energy release rate, even very close to singularities. The proposed reﬁned LS1
model can be used as an accurate and very efﬁcient model for the prediction of initiation and propagation
of delamination in multilayered plates under uniaxial extension using stress based or energy release rate
based criteria.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
The free-edge delamination is one of the major issues in design
and analysis of multilayered structures such as composite lami-
nates. The difference of the elastic properties of two adjacent layers
in composite materials can produce high interlaminar stresses in
multilayered structures in the vicinity of free edges and crack tips.
These stress concentrations that in theory are singular at free edges
and crack tips, could trigger the delamination of the multilayer
which might lead to global failure. One of the most widespread
delamination cases in the literature is free-edge delamination in
composite laminates under uniaxial tensile loading. Various
approaches such as asymptotic analysis show that the free-edge ef-
fects in composite laminates provoke high interlaminar stresses at
the free edges (Wang and Choi, 1982a,b; Leguillon and Sanchez-
Palencia, 1987; Leguillon, 1999). Leguillon (1999) showed that in
rectangular ðhÞs laminates, the interlaminar stress components
at the interface h= h behave like rk1 near the free edges where
r is the distance from the free edge and k is the singularity expo-
nent (0 < k < 1). According to Martin et al. (2010) the singularity
exponent k takes values close to one. For ð10Þs and ð20Þs rect-
angular laminates with G947/M18 carbon-epoxy plies k ¼ 0:999ll rights reserved.
+33 1 64153741.
i), karam.sab@enpc.fr, sab@and k ¼ 0:991 respectively for ð10Þs and ð20Þs rectangular
laminates with G947/M18 carbon-epoxy plies, which shows that
the singularity is quite weak. It has already been shown that the
classical lamination theory (CLT) is unable of predicting interlam-
inar stress singularities near the free edges of laminates. Therefore,
a large amount of researches is dedicated to the study of interlam-
inar stresses at free edges of laminated materials. Due to the
complexity of the problem in the general case, there is no exact
solution to this problem except in some simple cases. Conse-
quently, many various approximate analytical and numerical
methods have been developed worldwide to overcome this inabil-
ity of CLT in calculating interlaminar stress concentrations in the
vicinity of free edges and crack tips.
The delamination problem in multilayered structures has been
studied by many investigators. In Shen and Grady (1992), the
authors analyzed the dynamic characteristics of a delaminated
composite beam using the Timoshenko beam theory. Ju et al.
(1995) presented a ﬁnite element formulation based on the
Mindlin plate theory for the free vibration analysis of multi-dela-
minated composite plates. In Amrutharaj et al. (1996)), the authors
used a fracture process zone to study the edge delamination of
symmetrical angle-ply laminates under uniaxial tension. By using
a layerwise theory, Lee (2000) developed a ﬁnite element method
for the free vibration analysis of a delaminated composite beam. In
Lindemann and Becker (2002), different approaches were used for
the assessment of the delamination tendency in laminates under
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laminate theory of Reddy was extended to account for multiple
delaminations between layers. Chattopadhyay and Gu (1994) used
a higher order theory for modeling delamination in composite
plates and shells of moderately thick construction. Dakshina-
Moorthya and Reddy (1998) developed a layerwise ﬁnite element
with enhanced strains for the analysis of laminates with delamin-
ations. Krueger and O’Brien (2001) carried out a three-dimensional
shell modeling technique for the analysis of delamination in mode
I, mode II and mixed mode I/II. In Cho and Kim (2001), Kim and Cho
(2002), Oh et al. (2008), the authors developed a shell ﬁnite ele-
ment based on a higher order zigzag theory for the analysis of del-
aminated composite shells. By modeling laminated structures as
an assembly of sub-laminates connected through their interfaces,
Zou et al. (2002) presented a 2D model for progressive delamina-
tion in laminated composite structures. In Lorriot et al. (2003),
the authors studied the onset of free-edge delamination in com-
posite laminates under tensile loading using the classical thin lam-
inate theory with an asymptotic method for local stress tensor
correction near the edge.
1.1. Analytical methods
In general, the analytical solutions can be classiﬁed as either
equivalent single-layer theories (ESL) or layerwise theories. In both
cases, the 3D elasticity problem is reduced to a 2D problem. The
equivalent single-layer methods consist in treating the heteroge-
neous multilayered laminate as a homogeneous single-layer plate
having equivalent effective elastic properties. Since the number
of governing equations is independent of the total number of the
layers, the ESL methods are relatively simple and computationally
efﬁcient. These methods generally provide acceptable results for
global response of laminates but their results are not accurate en-
ough near the edges. On the other hand, in layerwise methods the
number of governing equations depends on the number of the lay-
ers. Thus, these methods are generally more sophisticated and
computationally more intensive but they can provide very accurate
results. Consequently, they are one of the best alternatives to 3D
models. The reader can refer to Carrera (2004) for a complete re-
view of these approaches.
One of the ﬁrst approximate solutions of interlaminar stresses
was obtained by Pipes and Pagano (1974) for the analysis of inter-
laminar stresses in a uniformly extended symmetric angle-ply
laminate. Later, Pagano (1974) applied a higher-order shear defor-
mation theory to take into account the interlaminar normal stress
in symmetric cross-ply laminates. By using an ESL method with
simple stress approximations, Whitney and Sun (1973) evaluated
the free-edge stresses in composite laminates. Tang and Levy
(1975) used a boundary-layer theory to analyze a symmetric
angle-ply laminate under uniaxial tension, which could determine
all the interlaminar stresses close to free edges. By means of com-
plex series expansion method, Wang and Choi (1982a,b) studied
the stress singularity at the boundary regions of a composite lam-
inate. Whitney (1997) used higher-order plate theories for evaluat-
ing stress ﬁelds at free edges. By using the ﬁrst-order shear
deformation theory of plates and Reddy’s layerwise theory, Nosier
and Bahrami (2007) studied interlaminar stresses in antisymmetric
angle-ply laminates under extensional and torsional loads. Nosier
and Maleki (2008) employed an improved ﬁrst-order shear defor-
mation theory with Reddy’s layerwise displacement approach to
analyze free-edge stresses in general composite laminates sub-
jected to extension loading. Pagano (1978b,a) also developed an
approximate analytical stress approach based on Reissner varia-
tional principle to predict stress ﬁelds in composite laminates. By
taking a direct inspiration from Pagano’s model (Pagano, 1978b),
a layerwise stress model was proposed by Ehrlacher et al., previ-ously called the Multiparticle Model of Multilayered Materials (M4)
(see Naciri et al., 1998; Carreira et al., 2002; DiazDiaz et al.,
2002; Caron et al., 2006; Dallot and Sab, 2008; DiazDiaz and Caron,
2006; Nguyen and Caron, 2006). In this 2D layerwise model, the
multilayered material is considered as a superposition of Reiss-
ner–Mindlin plates linked together by interfacial stresses. In order
to make reference to Carrera’s nomenclature proposed in Carrera
(2004), this model is described as a LS1 approach which signiﬁes
a Layerwise Stress approach with ﬁrst-order membrane stress
approximations per layer in thickness direction. The main differ-
ence between the LS1 and other layerwise models is that, most of-
ten, the layerwise models are either displacement approaches or
mixed displacement-stress approaches while the LS1 model, in-
spired from Pagano’s model (Pagano, 1978b), is a pure layerwise
stress approach where there is no hypothesis on displacement
ﬁelds. DiazDiaz et al. (2002) used the LS1 model to evaluate inter-
facial stresses in symmetrical laminates under tensile loading with
free edges. Caron et al. (2006) applied this model to the prediction
of mode III delamination in multi-layered materials. In Dallot and
Sab (2008), the authors employed the LS1 model for analyzing a
sandwich plate under cylindrical bending and demonstrated the
capacity of this model to capture the plastic collapse modes.
1.2. Numerical methods
The delamination problems have also been approached by
various numerical methods such as ﬁnite difference methods, 2D
and 3D ﬁnite element methods, combined 2D-3D ﬁnite element
methods, boundary layer techniques, etc. Pipes and Pagano
(1970) used a ﬁnite difference method in order to solve the two-
dimensional governing equations. Wang and Crossman (1977b,a)
suggested a quasi-three-dimensional ﬁnite element method to
calculate interlaminar stresses in the vicinity of free edges in
symmetric laminates under uniaxial traction and uniform temper-
ature variations. By using a layerwise laminate theory, Robbins and
Reddy (1993) presented a displacement global–local ﬁnite element
method for the modeling of thick composites. Tian et al. (2004)
employed a hybrid ﬁnite element formulation to estimate inter-
laminar stresses in symmetric balanced laminates. Carreira et al.
(2002) made use of 3D ﬁnite element calculations to validate the
layerwise stress model (LS1) for the estimation of interlaminar
stresses in symmetric composite laminates subjected to uniaxial
extension. Nguyen and Caron (2006, 2009) presented a new ﬁnite
element formulation based on the LS1 model for the analysis of
free-edge stresses in composite laminates under mechanical and
thermal loading. In Duong et al. (2011) the authors proposed a lay-
erwise ﬁnite element formulation for the analysis of multilayers
with imperfect interfaces.
1.3. Present study
The objective of this two-part paper is to present an efﬁcient
and accurate model which can be used instead of 3D ﬁnite element
models for the analysis of delaminated multilayered plates under
tensile loading. In the ﬁrst part of this study (Saeedi et al., 2011),
the layerwise stress model (LS1) was extended to the analysis of
multi-delaminated multilayered plates subjected to uniaxial
extension and the analytical LS1 solutions were obtained. By
means of a 3D-FE comparison, it was shown that the LS1 model
reproduces quite well the 3D stress ﬁelds far from singularities.
However, in the vicinity of singularities, the estimations are not
accurate enough. Moreover, as it will be shown in the next sec-
tions, the LS1 model can result into large errors in the estimation
of energy release rate for small cracks. Speciﬁcally, contrary to
the theory of elasticity, the LS1 model yields a non-zero value of
energy release rate for a crack of zero length (GðaÞ9 0 if a ! 0).
Fig. 1. Laminate geometry; imposed displacements and coordinate system.
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strategy for the LS1 model is adopted and proposed in this part.
This reﬁned approach, called reﬁned LS1, improves considerably
stress and energy release rate estimations.
According to the classical theory of elasticity, the stress ﬁelds at
free edges and crack tips are singular and thus searching for the
stress values by numerical methods at these points are meaning-
less. However, in the vicinity of singularity points, the stress values
are ﬁnite so that by reﬁning the mesh sufﬁciently, it is possible to
obtain better approximation of the stress values. It should be no-
ticed that many delamination criteria such as average stress crite-
ria (Lagunegrand et al., 2006; Kim and Soni, 1984; Kim and Soni,
1986; Brewer and Lagace, 1988; Whitney and Nuismer, 1974;
Lorriot et al., 2003; Wimmer et al., 2009) or the twofold strength
and toughness delamination criterion proposed by Martin et al.
(2010), are based on stress distribution close to singularity. To ap-
ply such delamination criteria, accurate estimations of stress ﬁelds
near singularity points are necessary. As discussed in the ﬁrst part,
the LS1 model is very useful for estimating global response of mul-
tilayers; but its results are not accurate enough very close to singu-
larities. Indeed, like the other 2D layerwise models, the LS1 model
yields ﬁnite values for singular ﬁelds and the accuracy of the model
in singularity zones is limited. In this part a layerwise mesh strat-
egy is proposed which allows us to increase the accuracy of the
model as needed. The idea is to consider a layerwise mesh in which
each physical layer is subdivided through the thickness and mod-
eled by a number of mathematical layers to achieve the required
accuracy (see Fig. 3). Indeed, there is a mesh concept in the thick-
ness; it means that depending on the required accuracy, the layer-
wise mesh is chosen. The better the layerwise mesh is, the more
accurate the results are. It should be remarked that the number
of equations in layerwise models depends on the number of the
layers. Therefore, there should not be a large number of mathemat-
ical layers in the model, because if an extremely reﬁned mesh is
used, the number of equations would increase enormously and
the use of the layerwise model is not justiﬁed against 3D models.
Consequently, the layerwise mesh strategy should take into con-
sideration both efﬁciency and accuracy.
Concerning the LS1 model, DiazDiaz and Caron (2006) consid-
ered one mathematical layer per physical layer and proposed a
maximum stress criterion of type smax ¼ sc for the delamination
onset in which smax is the interlaminar shear stress at free edge.
It is noted that contrary to the 3D theory, the stress ﬁeld obtained
by the LS1 model is not singular at free edge. In DiazDiaz et al.
(2007) by determining the energy release rate expression, the
authors proposed an energetic criterion of type G ¼ Gc for the
delamination initiation where G denotes the LS1 energy release
rate value corresponding to an interfacial crack of length zero. They
proved that for a mode III delamination problem, modeled by the
LS1 model, the two criteria are equivalent. Since these criteria
are based on the edge values in the model, the identiﬁed critical
values Gc and sc depend on the model (speciﬁcally on the thickness
of mathematical layers) and are not intrinsic to the material. As a
consequence, if the layerwise mesh ﬁneness changes, a new iden-
tiﬁcation should be performed. Instead of using these delamination
criteria which depend on the LS1 modeling, it is suggested in this
work to use stress based or energy release rate based criteria which
are intrinsic to the material. In fact, the reﬁned LS1 model in this
note is a calculation method like the 3D-FEM which can be used
with any delamination criterion. In this paper, the twofold strength
and toughness criterion proposed by Martin et al. (2010) is used for
the prediction of delamination onset in composite laminates.
The initiation of delamination is studied in ðhÞs carbon-epoxy
composite laminates submitted to uniaxial extension loading. The
LS1 modeling is performed by means of the dedicated software
based on the LS1 analytical solution presented in the ﬁrst part ofthis work. The inﬂuence of the proposed irregular layerwise mesh
on convergence rate and accuracy is investigated by comparing the
results of the LS1 model (with regular layerwise mesh) and the re-
ﬁned LS1 model (with the proposed irregular layerwise mesh). In
order to validate our model, a 3D ﬁnite element modeling is per-
formed using the commercial software Abaqus. Once the validity
of the ﬁnite element calculations is ensured, the LS1, reﬁned LS1
and 3D-FE results are compared in terms of interlaminar stresses
and energy release rate. The comparisons reveal excellent agree-
ments between the results of the reﬁned LS1 and 3D-FE models
even very close to singularity points. Consequently, the reﬁned
LS1 model (via the developed software for the analytical LS1 solu-
tions) can be used as an accurate and very efﬁcient alternative to
the 3D-FEM for the prediction of delamination onset in multilay-
ered plates under tensile loading.2. Problem description and LS1 Solution
A general ðh1; h2; . . . ; hnÞ multilayered rectangular plate with a
length of 2l, a width of 2b and a thickness of
Pn
i¼1e
i ¼ 2h, respec-
tively, in the x, y and z directions is considered (Fig. 1). It is as-
sumed that the middle plane of the plate is located at z ¼ 0. The
behavior of all layers is considered orthotropic. The plate is sub-
jected to uniaxial strain exx ¼ D=l. It is assumed that the plate is
long in the x direction (l b h) so that the strain and stress
components are independent of the x-coordinate far from the ends
x ¼ l. The LS1 model (Layerwise Stress model with ﬁrst-order
membrane stress approximations per layer) is used to solve this
problem. In this section, the LS1 model and its application for the
analysis of multi-delaminated multilayered plates under uniaxial
extension are brieﬂy presented. The reader can refer to the ﬁrst
part of this paper for more details.
The model is a superposition of Reissner–Mindlin plates linked
together by interfacial stresses. Indeed, each layer i is considered as
a Reissner–Mindlin plate with three displacement ﬁelds Uixðx; yÞ ,
Uiyðx; yÞ , Uizðx; yÞ and two rotation ﬁelds Uixðx; yÞ , Uiyðx; yÞ. As pre-
sented in Table 1, the generalized stresses (in-plane stress resul-
tants Niab , moment resultants M
i
ab and out-of-plane shear
resultants Qia) and the generalized strains of each layer are like
to those of the Reissner–Mindlin plate theory. It is noted that Greek
alphabet subscripts a and b correspond to fx; yg.
In addition to the generalized stresses through the thickness of
layers, there are three interlaminar stresses (two shear interlami-
nar stresses si;iþ1x , si;iþ1y and one normal interlaminar stress mi;iþ1)
at each interface. Through interfacial constitutive relations of the
model, these generalized interlaminar stresses are related to the
generalized interlaminar strains deﬁned in Table 2.
Now, a general multi-delamination state in the section of the
plate is considered in which there can be several interfacial cracks
Table 1
Generalized stresses and generalized




Niab eiab ¼ 12 Uia;b þ Uib;a
 




Ua ¼ Uia þ Uiz;a
Table 2
Generalized stresses and generalized strains of interface i; iþ 1.
Generalized stress Generalized strain










mi;iþ1 Di;iþ1z ¼ Uiþ1z  Uiz
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Fig. 2, the solving method consists in dividing vertically the lami-
nate section following the y direction at every crack tip. In this
way, the laminate is divided into some sublaminates (some zones).
Using the strain–displacement compatibility, constitutive and
equilibrium equations, and enforcing the delamination conditions
(zero interlaminar stresses at delaminated interfaces) leads to a
system of 5n second-order differential equations for each zone.
By applying the eigenvector expansion method, the governing sys-
tem of equations in each zone is solved. Knowing that there may be
complex and repeated eigenvalues, the analytical solution of the
system of equations will be in the form of exponential, trigonomet-
ric and polynomial functions. For q zones, there are q systems of
equations. Therefore, there will be 10n q second-order differen-
tial equations and so 10n q unknown integration constants. In or-
der to determine these constants, 10n q conditions are needed.
There are 10n limit conditions (herein, free-edge conditions) at
the edges y ¼ b. Moreover, there are 10n stress and displacement
continuity conditions between every two adjacent zones. There-
fore, in total 10nþ 10n ðq 1Þ ¼ 10n q conditions are ob-
tained. These conditions yield a system of 10n q linear
algebraic equations with 10n q unknown constants which can
be easily solved.
3. An efﬁcient layerwise mesh strategy
In the ﬁrst part of this paper, it was assumed that each physical
layer corresponds to one layer in the LS1 model. It was shown that
this modeling results to accurate estimations of the interlaminar
stresses except in the vicinity of singularities. In the next section,
it will be illustrated that this type of modeling also can produce
signiﬁcant errors in terms of energy release rate in the case of
small cracks. This drawback of the LS1 model leads to a non-zero
energy release rate for a crack of zero length (GðaÞ90 if a! 0).Fig. 2. Laminate section with several cracks at different interfaces – subdivision in
the section.Thus, it is necessary to improve the LS1 estimations close to singu-
larity points in order to be able to apply stress based or energy re-
lease rate based delamination criteria.
The approach consists in subdividing each physical layer
through the thickness into a number of mathematical layers in
the model. This reﬁnement strategy through the thickness of the
laminate, called layerwise mesh in this study, allows us to increase
the accuracy of the model. It is clear that by reﬁning the layerwise
mesh (i.e., increasing the number of mathematical layers per phys-
ical layer), the accuracy of the model is improved so that if the
layerwise mesh is inﬁnitely reﬁned, the LS1 solution will converge
to the exact solution of the problem. However, both accuracy and
efﬁciency concepts should be considered in the mesh reﬁnement
strategy. Some layerwise approaches in the literature used the sub-
division of physical layers through the plate thickness (Nosier and
Maleki, 2008; Mittelstedta and Becker, 2008; Malekzadeh et al.,
2008a,b). Based on the Reddy’s layerwise theory, all these studies,
used a regular layerwise mesh in which each physical layer is mod-
eled by some mathematical layers with the same thickness. As re-
gards the LS1 model, DiazDiaz and Caron (2006) proposed the
same subdivision strategy for the LS1 model. Here we propose an
irregular progressive mesh strategy in which the thicknesses of
the mathematical layers are reduced in the vicinity of the physical
interfaces as shown schematically in Fig. 3. This proposed strategy
is the fruit of an investigation of different mesh topologies for the
reﬁnement in the thickness direction. According to this layerwise
mesh strategy, the thicknesses of the mathematical layers are in
the form of a geometric progression. In other words if the thickness
of the mathematical layer beside the physical interface are set
equal to hmin, the thicknesses of the next layers will be equal to
r  hmin, r2  hmin, . . . where r is the common ratio of the geometric
progression. It should be mentioned that if two adjacent physical
layers are composed of the same material with identical orienta-
tion, it is not necessary to reﬁne the mesh near the interface and
such interface is not considered as a physical interface in the mesh
strategy. By assuming that there are p mathematical layers per
physical layer, two cases are distinguished:
 Physical layer with one physical interfaceh1 ¼ hmin; h2 ¼ r  hmin   hp ¼ rp1  hminXp
i¼1
hi ¼ e) 1þ r þ r2 þ    þ rp1 ¼ ehmin
 Physical layer with two physical interfaces




¼ rp21  hminXp
i¼1






– p is an odd number
h1 ¼ hp ¼ hmin; h2 ¼ hp1 ¼ r  hmin    hpþ1
2
¼ rp12  hminXp
i¼1




þ rp12 ¼ e
hminwhere e is the thickness of the physical layer. By choosing the ratio
e=hmin and the number of mathematical layers per physical layer p
(in the previous formulas), the thickness ratio r between the
Fig. 3. Laminate under uniaxial extension; irregular and regular layerwise mesh through the thickness.
Fig. 4. Progressive layerwise mesh through the physical layer thickness.
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schematically the proposed progressive layerwise mesh through
the physical layer thickness.Fig. 5. Laminate section with four interfacial cracks at the interfaces h/h.4. Numerical validation and discussion
4.1. Layerwise mesh inﬂuence
Before comparing the results of the reﬁned LS1 and 3D-FE mod-
els, the inﬂuence of the proposed layerwise mesh for the LS1 model
is investigated. As a numerical example, a ð10Þs rectangular com-
posite laminate with a width of 2b ¼ 20 mm and a total thickness
of et ¼ 4e ¼ 0:76 mm is considered. The laminate is made up of
four G947/M18 carbon-epoxy plies whose mechanical properties,
tested by Lagunegrand et al. (2006), are reported in Table 3. The la-
minate is subjected to a uniaxial longitudinal strain exx ¼ 0:001 in
the x direction. As shown in Fig. 5, the delamination consists of four
interfacial cracks of length a located symmetrically at the inter-
faces h/h (herein h ¼ 10). Regarding the crack length, four cases
are studied: a ¼ 0 (non-delaminated state); a ¼ 0:1e (micro-crack);
a ¼ e (meso-crack) and a ¼ 10e (macro-crack) where e ¼ 0:19 mmTable 3
Mechanical material properties of the ply for G947/M18 and CTE1/T700 carbon-epoxy.
Carbon-epoxy EL (Gpa) ET (Gpa) EN (Gpa) GLT (Gpa)
G947=M18a 97.6 8.0 8.0 3.1
CTE1=T700b 153.82 10.61 10.61 5.58
a Lagunegrand et al. (2006).
b DiazDiaz and Caron (2006).is the thickness of a carbon-epoxy ply. Knowing that the interlami-
nar stresses ryz and rzz are negligible compared to rxz, we focus on
the distribution of the interlaminar shear stress rxz. In what fol-
lows, p is the number of mathematical layers per physical layer,
y denotes the distance from the singularity point (free edge or
crack tip) in the y direction and kxz ¼ rxzExexx is the normalized dimen-
sionless interlaminar shear stress where exx and Ex are respectively
the imposed longitudinal strain and the longitudinal modulus of
the laminate. The thickness of the mathematical layer beside the
physical interface h= h is 1/100 of the thickness of the physical
layer (e=hmin ¼ 100).GLN (Gpa) GTN (Gpa) mLT mLN mTN e (mm)
3.1 2.7 0.37 0.37 0.5 0.19
5.58 5.58 0.315 0.315 0.315 0.13
Fig. 6. Distribution of the interlaminar shear stress rxz at the interface 10/10 – free edge singularity (a ¼ 0); (P is the number of mathematical layers per physical layer and
kxz denotes the normalized interlaminar stress).
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Fig. 6 shows the distributions of rxz at the interface 10= 10
in non-delaminated state (a ¼ 0) for regular and irregular layer-
wise mesh. As seen, in the vicinity of the free edge (0 < y < 0:1e)
the rate of convergence for the regular layerwise mesh is very slow
so that the more the mesh is reﬁned, the more the interlaminar
stress raises. On the other hand, for the proposed irregular layer-
wise mesh there is a rapid convergence rate in such a way that
for pP 3 the convergence is ensured.
Knowing that the interlaminar stress rxz is theoretically singu-
lar at the free edge, there is no mesh-independent stress value at
this point. However, except at the free edge point, the stress values
are theoretically ﬁnite so that by reﬁning the mesh sufﬁciently, it is
possible to obtain converged stress values. By going away from the
free edge, the mesh-dependency becomes negligible and theFig. 7. Convergence of the interlaminar shear stresconvergence is reached. Thus, there is always a convergence
distance from which the results are not mesh-dependent. Fig. 7
compares the convergence of regular and irregular layerwise mesh
for different distances from the free edge (y ¼ e, y ¼ 0:1e, y ¼ 0:01e
and y ¼ 0:001e). As shown, for y > 0:1e (e is the thickness of a car-
bon-epoxy ply), the inﬂuence of the layerwise mesh is negligible in
a way that one mathematical layer per physical layer is sufﬁcient
to reach the converged value. Closer to the singularity (y < 0:1e),
the layerwise mesh plays an important role in the convergence.
For the regular layerwise mesh, at the distance y ¼ 0:01e from
the singularity, the convergence is reached for p ¼ 8 (i.e., eight
mathematical layers per physical layer). It is clear that the regular
layerwise mesh should be too much more reﬁned in order to get
convergence until y ¼ 0:001e. On the contrary, the convergence
rate of the proposed irregular mesh herein is very rapid so thats rxz at different distances from the free edge.
Fig. 8. Distribution of the interlaminar shear stress rxz at the interface 10/10 – crack tip singularity (a = 0.1e); (P is the number of mathematical layers per physical layer
and kxz denotes the normalized interlaminar stress).
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vergence is easily reached even very close to the singularity point
(y ¼ 0:001e).
4.1.2. Crack tip singularity
Now, the accuracy and the efﬁciency of the proposed layerwise
mesh is investigated in the case of crack tip singularity. For this
reason, three crack lengths a ¼ 0:1e (micro-crack), a ¼ e (meso-
crack) and a ¼ 10e (macro-crack) are studied. Fig. 8 shows the dis-
tributions of rxz at the interface 10= 10 for the crack length
a ¼ 0:1e. It is observed that the results of the irregular layerwise
mesh converge for pP 3 while for the regular mesh, the conver-
gence rate is very slow. As shown in Fig. 9, far from the crack tip
(y ¼ e), the layerwise mesh has no effect and so p ¼ 1 is sufﬁcient
(i.e., one mathematical layer per physical layer); but near the crack
tip, the effect of the layerwise mesh strategy becomes important.Fig. 9. Convergence of the interlaminar shear stress rxzIn the case of the regular layerwise mesh, in order to obtain the
converged value at the distance y ¼ 0:1e from the crack tip, at least
eight mathematical layers per physical layer are required (pP 8).
This number should be very much higher for the convergence at
y ¼ 0:01e or y ¼ 0:001e. However, the proposed irregular layerwise
mesh is very efﬁcient so that only three mathematical layers per
physical layer p ¼ 3 are sufﬁcient for convergence even very close
to the crack tip (y ¼ 0:001e ¼ 0:19 lm). It should be noted that
the same conclusion is drawn for the crack lengths a ¼ e and
a ¼ 10e that were mentioned above (see Figs. A.18–A.21 in Appen-
dix A for the curves corresponding to a ¼ e and a ¼ 10e).
4.1.3. Energy release rate
Knowing that many delamination criteria are based on energy
release rate, herein, the inﬂuence of the proposed LS1 mesh strat-
egy on energy release rate estimations is investigated. Fig. 10at different distances from the crack tip (a ¼ 0:1e).
Fig. 10. Convergence of the energy release rate for different interlaminar crack lengths a.
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dimensionless energy release rate value for an interlaminar crack
of length a. As seen, in the case of a large crack length (a ¼ e),
the energy release rate estimations with regular mesh are rela-
tively acceptable. Nevertheless the irregular layerwise mesh pro-
vides a faster convergence. On the other side, in the case of a
micro crack (a ’ 0), the convergence of the regular mesh is too
slow. Knowing that the theoretical value of the energy release rate
is zero in this case (G! 0 if a! 0) (Leguillon et al., 2001), it seems
that the regular mesh should be enormously reﬁned to obtain the
theoretical value and the results are not satisfying. On the contrary,
the proposed irregular progressive mesh is very efﬁcient so that for
pP 3, the convergence is ensured and the results are stable. As a
conclusion, it is deduced that in the present case, an irregular
layerwise mesh with three mathematical layers per physical layer
(p ¼ 3) is sufﬁcient to evaluate accurately the energy release rate
and the interlaminar stress ﬁelds.Fig. 11. Finite element model of the laminate in non-delaminated state – 3D model
(top); mesh in the yz plane (bottom).4.2. Finite element comparison
In this section, in order to evaluate the accuracy and the efﬁ-
ciency of the reﬁned LS1 model in analyzing delamination prob-
lems, the results of this model are compared to those of a 3D
ﬁnite element analysis performed with the commercial software
Abaqus. The purpose of this investigation is to illustrate that, what-
ever the delamination criterion, the reﬁned LS1 model is a power-
ful alternative to the 3D-FEM for the analysis of delaminations in
multilayered plates. In this study, the focus is on the initiation of
delamination. In general, the delamination criteria are based on
interlaminar stress distribution and/or the energy release rate. In
the present work, the twofold strength and toughness criterion
proposed by Martin et al. (2010) is used for the prediction of
delamination onset in laminates. To use this criterion, the inter-
laminar stress distribution in non-delaminated state and the incre-
mental energy release rate curve in the delaminated state are
required.
To validate our model, the same numerical examples treated by
Martin et al. (2010) are investigated in this study. Therefore,
ð10Þs and ð20Þs rectangular composite laminates with G947/
M18 and CTE1/T700 carbon-epoxy plies are considered as case
studies. Mechanical properties of the two types of carbon-epoxy
ply, tested by Lagunegrand et al. (2006) and DiazDiaz and Caron
(2006), are reported in Table 3. The uniaxial longitudinal strain
of exx ¼ 0:001 is imposed in the x direction. It is assumed that the
laminate is very long so that there is no variation in the x direction
far from the ends. It is noted that due to the mirror symmetry of
the laminate, only the half thickness of the laminate is modeled.Three models are investigated: 3D ﬁnite element model, LS1model
with regular layerwise mesh, reﬁned LS1 model with irregular pro-
gressive layerwise mesh. As proved in the previous section, an
irregular progressive layerwise mesh with three mathematical lay-
ers per physical layer (p ¼ 3) provides accurate estimations of
interlaminar stress ﬁelds and energy release rate. In order to have
a reasonable comparison between the LS1 and reﬁned LS1 models,
the same number of mathematical layers is considered in both
models. Therefore, the total number of equations that should be
solved (i.e., the total number of unknowns) in the LS1 and the re-
ﬁned LS1 models is identical. It should be noted that in this study,
the LS1 and reﬁned LS1 solutions are obtained analytically by
means of the dedicated software designed by the authors.
In the 3D-FE model, invariance conditions are exploited in order
to reduce the size of the problem and ensure the longitudinal
invariance. By making use of the invariance in the x direction, only
one element in this direction is considered with the following
invariance conditions (see Fig. 11):
Uxðx1; y; zÞ ¼ Uxðx0; y; zÞ þ ðx1  x0Þexx
Uyðx1; y; zÞ ¼ Uyðx0; y; zÞ
Uzðx1; y; zÞ ¼ Uzðx0; y; zÞ
ð4:1Þ
It should be noted that because of the invariance in the x direction,
the 3D aspect ratio of the elements is not important and the size of
the elements in the x direction does not play any role.
4.2.1. Non-delaminated state
In the ﬁnite element model, we use the wedge elements. In
order to obtain accurate results, the ﬁnite element mesh should
Fig. 12. Distribution of the interlaminar stresses at the interface h/h of ðhÞs laminates.
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Fig. 11). The size of the elements in this zone is almost 1 lm and
the total number of nodes is about 10,000. As shown in Fig. 12,
the interlaminar shear stress rxz is always dominant at the inter-
face h= h of ðhÞs laminates (h ¼ 10 or 20). Therefore, the com-
parisons are made on the distribution of the interlaminar shear
stress rxz.
Fig. 13 shows the distributions of the interlaminar shear stress
rxz at the interface h= h of ðhÞs laminates. The ordinate axis
kxz ¼ rxzExexx indicates the normalized interlaminar shear stress and
the abscissa axis y=e denotes the normalized distance from the free
edge where e is the thickness of a carbon-epoxy ply.
As seen in all cases, far from the free edge (y > 0:02e) the three
models give the same results. The smaller the distance from the
free edge, the more the divergence between the curves. By compar-
ing the curves very close to the free edge (y < 0:02e), it is realized
that the 3D ﬁnite element model is more accurate than the LS1Fig. 13. Distribution of the interlaminar shear stremodel (with the regular layerwise mesh); but the reﬁned LS1
model (with the proposed irregular layerwise mesh) is more
accurate than the 3D-FE model. Indeed, via the suggested reﬁned
LS1 model, the interlaminar stress singularity is much better cap-
tured compared with the LS1 model or the 3D-FE model. It should
be mentioned that in the present case, the total degrees of freedom
in the 3D-FE model are 200 times more than those (i.e., unknowns)
in the reﬁned LS1 model.
4.2.2. Delaminated state
In this section, the delamination state of ðhÞs laminates is
studied. It is assumed that there are four interfacial cracks of length
a located symmetrically at the interfaces h/h as shown in Fig. 5.
The same number of mathematical layers (p ¼ 3) is used for the
LS1 and reﬁned LS1 models. Regarding the 3D-FE model, to obtain
an appropriate accuracy, the mesh must be greatly reﬁned near the
crack tip (see Fig. 14). The size of the smallest elements near thess rxz at the interface h/h of ðhÞs laminates.
Fig. 14. 3D-FE model: mesh in the yz plane in delaminated state.
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release rate estimations of the proposed model are investigated.
In order to apply the mentioned twofold criterion (Martin et al.,
2010), the curve of the incremental energy release rate as a func-
tion of crack length GincðaÞ ¼ Wða¼0ÞWðaÞa
 
should be extracted. By
varying the crack length a and evaluating the incremental energy
release rate for each crack length, the incremental energy release
rate curve is obtained. Fig. 15 plots the normalized incremental en-
ergy release rate AðaÞ versus the normalized crack length a=e for
the ð10Þs and ð20Þs laminates with G947/M18 and CTE1/
T700 carbon-epoxy plies. The normalized incremental energy re-




¼Wða ¼ 0Þ WðaÞ
aeExe2xx
where a, e, Exx, exx and WðaÞ indicate respectively the crack length,
the carbon-epoxy ply thickness, the longitudinal effective modulus
of the laminate, the imposed uniaxial deformation and the strain
energy of delaminated laminate.
As expected, the incremental energy release rate is an increas-
ing function of the interfacial crack length reaching a plateau for
high values of a where the three models (3D Finite element, LS1
and reﬁned LS1 models) present the same results. As seen in
Fig. 15, for the small crack lengths (a < e) the estimations of theFig. 15. The normalized incremental energy release rate AðaÞ versus theLS1 model are not accurate enough. The smaller the crack length
is, the more signiﬁcant the error becomes for this model. As a re-
sult, contrary to the 3D theory, the curve of the incremental energy
release rate corresponding to the LS1 model does not pass through
the origin (Aða ’ 0Þ – 0). This lack of accuracy may become prob-
lematic in applying energetic delamination criteria. To obtain accu-
rate results via this model, the regular layerwise mesh should be
extremely reﬁned. This reﬁnement greatly reduces the efﬁciency
of the model. In the reﬁned LS1 model with the irregular layerwise
mesh strategy proposed in this study, this drawback is easily over-
comed. It is observed that the reﬁned LS1 model is as accurate as
the 3D-FE model even for too small crack lengths; knowing that
the proposed model is enormously more efﬁcient than the 3D-FEM.
Finally, as a veriﬁcation, the distribution of the interlaminar
stress rxz in the vicinity of the crack tip (in the delaminated state)
is compared between the three models. Fig. 16 shows the distribu-
tion of rxz for ðhÞs laminates with interlaminar cracks of length
a ¼ e at the interfaces h= h. The abscissa axis y=e denotes the nor-
malized distance from the crack tip where y is the distance from
the crack tip and e is the thickness of a carbon-epoxy ply. A com-
parison between the results of the three models, demonstrates that
in delaminated state also, the reﬁned LS1 model can evaluate accu-
rately the interlaminar stresses so that the capture of the stress
singularity at crack tip is even better than the 3D-FEM.
4.2.3. Delamination initiation criterion - Experimental comparison
Here, the quoted twofold strength and toughness criterion pro-
posed by Martin et al. (2010), is used for the prediction of delam-
ination onset in the investigated case studies. This combined
criterion is written as follows:
GincðaÞ ¼ AðaÞeExe2xx P Gc
rxzðyÞ ¼ kxzðyÞExexx P rc for y 6 a
(
ð4:2Þnormalized crack length a=e at the interface h/h of ðhÞs laminates.
Fig. 16. Distribution of the interlaminar shear stress rxz at the interface h/h of ðhÞs laminates in delaminated state.
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ment at nucleation ac is obtained by combining the previous equal-
ities which leads to
AðacÞ







Once the initiation length ac is determined, the initiation strain ec






or ec ¼ r
c
Ex kxzðy ¼ acÞ ð4:4Þ
The critical values rc and Gc are identiﬁed in a way that there is the
best agreement with the experiments (tested by Lagunegrand et al.
(2006) and DiazDiaz and Caron (2006)). The same method used by
Martin et al. (2010) is applied to identify rc and Gc knowing that, in
this study, the proposed reﬁned LS1 model is used instead of the
ﬁnite element calculations. Fig. 17 shows the longitudinal stress
at delamination onset versus the ply thickness and compares the
predicted values with the experimental data for the G947/M18
and CTE1/T700 carbon-epoxy laminates. Good agreements between
the model and experiments conﬁrm that; ﬁrstly, the applied
criterion can predict accurately the delamination initiation; and
secondly, the reﬁned LS1 model can be used as an efﬁcient
and accurate alternative to 3D-FE calculations. It should be men-
tioned that since the reﬁned LS1 model yields accurate estimations
in terms of interlaminar stresses as well as energy release rate, this
model can be used with any other delamination criterion based on
stress or energy release rate.Fig. 17. Comparison of the predicted critical longitudinal stress at delamination ons4.3. Discussion
By studying both types of free-edge singularity and crack tip
singularity (for different lengths of delamination), it is proved that
the proposed reﬁned LS1 model is capable of predicting accurately
interlaminar stresses within the singularity zones. This implies
that the proposed layerwise mesh is a kind of discretization
through the thickness which implicitly takes into account the het-
erogeneity of laminated structures and is consistent with the phys-
ics of the problem. Indeed, the interpolation through the thickness
is asymptotically precise and ﬁts the order of stress singularity.
That is why using the proposed reﬁnement strategy in the thick-
ness direction leads to an extremely fast convergence. It is worth
mentioned that, in addition to stress singularities, the proposed
layerwise mesh overcomes the drawback of calculating the energy
release rate in the case of micro cracks.
In this work, the LS1 solutions of the delamination problem
were obtained analytically for rectangular laminates under uniax-
ial extension. The proposed method can be used in other cases in
which the x-invariance hypothesis is applicable such as multiple
delaminations under cylindrical bending. However, in real struc-
tures with complicated geometries, this approach cannot be used.
Indeed, the proposed model remains appropriate but the system of
equations should be solved numerically. It is noted that a ﬁnite
element program based on the LS1 formulation, called MPFEAP
(MultiParticle Finite Element Analysis Program), has already been
developed. This program can be used to analyze non-delaminated
multilayered structures with complicated geometries (Duong et al.,
2011; Nguyen and Caron, 2006). The software is capable of com-
puting interlaminar stresses and other localized effects, which
are impossible to calculate with classical 2D ﬁnite element models.et (continuous lines) with the experimental values (points) for ðhÞs laminates.
Fig. A.18. Distribution of the interlaminar shear stress rxz at the interface 10/10 – crack tip singularity (a = e); (P is the number of mathematical layers per physical layer
and kxz denotes the normalized interlaminar stress).
Fig. A.19. Distribution of the interlaminar shear stress rxz at the interface 10/10 – crack tip singularity (a ¼ e).
3738 N. Saeedi et al. / International Journal of Solids and Structures 49 (2012) 3727–3740The proposed reﬁned LS1 model for the analysis of delaminated
multilayers can be implemented in MPFEAP. Although the formu-
lation of the LS1 model may seem more complicated, it is much
more efﬁcient than the popular 3D-FEM.
5. Conclusion
In the present work, in order to improve the accuracy and the
efﬁciency of the LS1 model, a layerwise mesh strategy (i.e., subdi-
viding each physical layer into some mathematical layers through
the thickness of the laminate) has been introduced. The proposed
layerwise mesh is an irregular progressive layerwise mesh in
which the mathematical layers become thinner by approachingthe physical interfaces; while in a regular layerwise mesh, the
thickness of all the mathematical layers is constant. In order to
study the inﬂuence of the proposed layerwise mesh, a ð10Þs com-
posite laminate was investigated in non-delaminated and delami-
nated states. The stress singularity at free-edge and crack tip for
different crack lengths (micro-crack, meso-crack and macro-crack)
were studied. It is found that the proposed reﬁned LS1 model
(based on the proposed irregular layerwise mesh) is much more
efﬁcient and accurate than the LS1 model (with regular layerwise
mesh) and the proposed model converges very rapidly in terms
of energy release rate and stress values. In the investigated exam-
ples, it is shown that an irregular layerwise mesh with three
mathematical layers per physical layer (p ¼ 3) converges in terms
Fig. A.20. Distribution of the interlaminar shear stress rxz at the interface 10/10 – crack tip singularity (a = 10e); (P is the number of mathematical layers per physical layer
and kxz denotes the normalized interlaminar stress).
Fig. A.21. Distribution of the interlaminar shear stress rxz at the interface 10/10 – crack tip singularity (a ¼ 10e).
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ergy release rate; whereas the LS1 model with regular layerwise
mesh converges too slowly.
As application examples, ð10Þs and ð20Þs composite lami-
nates with carbon-epoxy plies were investigated and the results
of three models were compared: 3D-FEM (performed in Abaqus),
LS1 and reﬁned LS1 models. The comparison between the three
models in non-delaminated state demonstrates the accuracy and
the efﬁciency of the reﬁned LS1 model to capture the stress singu-
larity so that the proposed reﬁned LS1 model predicts the singular-
ity stress even better than the 3D-FEM. In delaminated situation,
the inﬂuence of the layerwise mesh is signiﬁcant. It is found that
the LS1 estimations of the energy release rate are not accurate
for small cracks (i.e., the crack length smaller than the plythickness) and the LS1 model produces signiﬁcant errors. On the
other hand, the reﬁned LS1 model estimates the energy release rate
as accurately as the 3D-FEM. It is important to keep in mind that
the total number of degrees of freedom (unknowns) in the reﬁned
LS1 model is less than 1/200 of the total number degrees of free-
dom in the 3D-FEM. This illustrates that the proposed model is
an accurate and very efﬁcient alternative to the 3D-FEM for delam-
ination analyses. It is reminded that in this study, the twofold
strength and toughness criterion proposed by Martin et al.
(2010) was employed to predict delamination onset in the investi-
gated examples but the reﬁned LS1 model can be used with any
other stress or energy release rate delamination criterion.
Because of its high efﬁciency in computational time and
memory, the proposed approach is very useful for tackling
3740 N. Saeedi et al. / International Journal of Solids and Structures 49 (2012) 3727–3740computationally intensive problems. For example, stacking se-
quence optimization of composite laminates which is usually per-
formed by means of genetic algorithm or other technics, require a
huge number of repetitive calculations. It is evident that for such
problems, an efﬁcient and fast approach for the analysis of lami-
nates is necessary. The dedicated software described in this paper
can be easily combined with optimization softwares. Another pos-
sible application is the propagation of delamination cracks in com-
posite structures in which an extensive series of analyses for
different delamination lengths should be carried out. It is noted
that, the proposed software can also be used as a post-processor
of a software based on the classical laminate theory for the design
of multilayered structures. Obviously, the use of the proposed
model instead of 3D-FEM calculations leads to a high reduction
of computational cost.
Appendix A. Crack tip stress singularity curves for a = e and
a = 10e
See Figs. A.18, A.19, A.20 and A.21.
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